Abstract. This work forms a foundational study of factorization homology, or topological chiral homology, at the generality of stratified spaces with tangential structures. Examples of such factorization homology theories include intersection homology, compactly supported stratified mapping spaces, and Hochschild homology with coefficients. Our main theorem characterizes factorization homology theories by a generalization of the Eilenberg-Steenrod axioms; it can also be viewed as an perturbative analogue of the Baez-Dolan cobordism hypothesis formulated for the observables, rather than state spaces, of a topological quantum field theory. Using these axioms, we extend the nonabelian Poincaré duality of Salvatore and Lurie to the setting of stratified spaces -this is a nonabelian version of the Poincaré duality given by intersection homology. We pay special attention to the simple case of singular manifolds whose singularity datum is a properly embedded submanifold and give a further simplified algebraic characterization of these homology theories. In the case of 3-manifolds with 1-dimensional submanifolds, these structure gives rise to knot and link homology theories akin to Khovanov homology.
Introduction
The present work forms an initial step in a formalism for topological quantum field theory using stratified spaces. This larger program proposes to understand locality in topological quantum field theory by a fusion of the algebra of factorization homology and the geometry of stratifications. Before delineating this step and, briefly, this future program, we first review the subject of factorization homology.
Factorization homology is, heuristically, a procedure which takes an n-manifold M and an algebraic input A, such as an E n -algebra, and produces an object M A. The manifold provides the gluing data, the algebra provides the gluing rules, and one can think of integrating the multiplication of the algebra over the gluing data of the manifold. Viewing this object as an invariant of the manifold, the procedure generalizes usual homology theories; viewing the object as an invariant of the algebra, it generalizes Hochschild homology when the manifold is the circle and offers a natural repository for traces or index-type invariants.
Such a procedure was introduced for algebraic varieties by Beilinson & Drinfeld in their work on an algebro-geometric formalism for conformal field theory; see [BeDr] and [FG] . In Section 5.5 of [Lu2] , Lurie defined a topological analogue of their construction -known as factorization homology or topological chiral homology -and this topological construction likewise generalizes the labeled configuration spaces of Salvatore [Sa] and Segal [Se2] . The main theorem of this area, non-abelian Poincaré duality, naturally generalizes the James construction and configuration space models of mapping spaces dating to the 1970s in work of McDuff and others -see [Fr2] for a more detailed history.
Another recent catalyst for study in this area has been the approach of Costello & Gwilliam to perturbative quantum field theory in [CG] . In mathematical approaches to topological field theory at least since Atiyah in [At] , it is common to organize the formalism around the functoriality of the state spaces in the theory. This choice leads to cobordisms and, proceeding deeper, higher categories of cobordisms after Baez & Dolan in [BaDo] . In contrast, Costello & Gwilliam, following the factorization algebra structures of [BeDr] , codify their theory around the structure of observables, or operators, rather than state spaces. In their work, the earlier renormalization machinery of [Co] is married with the factorization point of view; the intuitive factorization homology procedure becomes a way of constructing a candidate object M A of global observables on a space-time M from the algebra of observables A on Euclidean space. This candidate object M A accurately captures the global observables on M if the quantum field theory is perturbative, and they construct interesting examples of such perturbative field theories using the Batalin-Vilkovisky formalism for quantization applied to derived symplectic geometry.
The structural favoring of observables over state spaces has geometric consequences, namely a favoring of open embeddings over cobordisms. Dual to restricting fields, observables can extend by zero. This is unlike state spaces, where there is no procedure for extension by zero, no naturality with respect to open embeddings, and no values for non-compact manifolds. The cobordism hypothesis, after Baez-Dolan [BaDo] and Lurie [Lu3] , gives a proposed classification for certain topological field theories in terms of their state spaces. With this in mind, one can ask if there is a similar classification of these perturbative topological field theories, after [CG] , in terms of their observables. Our first main result, Theorem 2.39, can be viewed as just such a classification.
In the present work, we lay the foundations for a general theory of factorization homology, following the outline of [Fr2] and after the originating work of Lurie in [Lu2] . We do this for stratified spaces and, more generally, B-manifolds, where B is a collection of basic singularity types endowed with a tangential structure, applying the theory of stratified spaces and tangential structures developed in [AFT] . This extra level of generality is carried out for two reasons. First, the theory without stratifications is related to observables on space-time in perturbative field theory; adding nontrivial stratifications allows one to incorporate boundary conditions and defects in this theory, such as Wilson line operators in Chern-Simons. The second reason concerns the extension of our theory outside of the perturbative range in quantum field theories; our larger program in progress uses stratifications to effect this greater generality. In this proposed view, it is exactly perturbative field theories which can be captured by factorization homology without using stratifications and manifolds with corners.
We now turn to a linear overview of contents of the current work, which has three parts.
In the first part, we cover the definition (Definition 2.13) of factorization homology as a Kan extension from Disk(B)-algebras to B-manifolds, and we prove its existence. The first main result is that the symmetric monoidal and underlying left Kan extensions are equivalent, and that there is therefore a comprehensible formula (Theorem 2.14) which computes factorization homology; this generalizes a formula for usual homology. To establish this existence result and this explicit formula we prove a general result giving conditions for existence and agreement of symmetric monoidal and underlying left Kan extensions in Lemma 2.15. To verify the conditions of this lemma requires proving that the ∞-category Disk(B) /X of basic singularity types embedded in a manifold is sifted, Corollary 2.24; our proof makes use of a localization result relating discrete and topological categories of embedded disks and of Dugger-Isaksen's work in [DI] .
Together with this explicit existence, we prove in Theorem 2.21 the existence of push-forwards for factorization homology along constructible maps of stratified spaces. An immediate consequence is a Fubini theorem for factorization homology, Corollary 2.25. Along with an analysis of factorization homology in the case of a closed interval, which we identify as a relative tensor product in Proposition 2.30, these results culminate in a main structural theorem. To state it, we require some terminology: let B be an ∞-category of basic singularity types and Mfld(B) the collection of stratified spaces locally modeled on B; let C be a symmetric monoidal ∞-category which is ⊗-sifted cocomplete; the collection of C-valued homology theories H(Mfld(B), C) is the full sub-∞-category of symmetric monoidal functors Fun ⊗ (Mfld(B), C) satisfying the symmetric monoidal generalization of the Eilenberg-Steenrod axioms given in Definition 2.33. We prove the following:
Theorem 0.1 (Theorem 2.39). There is an equivalence between Disk(B)-algebras in C and C-valued homology theories for B-manifolds Alg Disk(B) (C) ≃ H(Mfld(B), C) defined by sending a Disk(B)-algebra A to the factorization homology A.
Here the ⊗-excision property of the homology theory becomes a formulation of the locality of the field theory. The theorem includes a relative version, for a fixed B-manifold X, which in this interpretation is a fixed space-time. Thus, our result both generalizes the Eilenberg-Steenrod axioms and attempts to axiomatize the structure of the observables in a perturbative topological quantum field theory. This latter topic also lies in the domain of the cobordism hypothesis, or the cobordism hypothesis with singularities of [Lu3] . A direct comparison between these approaches is possible. Namely, there is a commutative diagram:
We briefly explain the terms in this picture: Disk n and Mfld are the ∞-categories of n-disks and n-manifolds and embeddings; Bord n is the (∞, n)-category of bordisms of manifolds from [Lu3] ; and Alg n (C) is the higher Morita category, where k-morphisms are framed (n − k)-disk algebras in bimodules; the superscript ∼ denotes that we have taken the underlying ∞-groupoids, restricting to invertible morphisms. The bottom dashed arrow from homology theories valued in C to topological quantum field theories valued in Alg n (C), assigns to a homology theory F the functor on the bordism category sending a k-manifold M to F(M • × R n−k ), the value of F on a thickening of the interior of M . There is a similar diagram replacing n with a general collection of basic singularity types B, where on the right we substitute bordism categories with singularities.
We assert that this diagram commutes, but this assertion relies on the existence of the higher bordism (∞, n)-category Bord n and on the verification of the cobordism hypothesis, i.e., the existence of the dotted arrow Z. A proof by Lurie has been outlined in [Lu3] , building on earlier work with Hopkins. We defer the commutativity of this diagram to a future work, after the full completion of the right hand side.
We turn to a description now of the the second part of this work. There, we apply our main result, Theorem 2.39, to give a proof of non-abelian Poincaré duality, after [Sa] , [Se2] , and Section 5.5.6 of [Lu2] . Further, our Theorem 3.17 is a stratified generalization, that there is a homotopy equivalence
between a factorization homology theory and a space of sections of a stratified bundle E over a B-manifold X, subject to stratum by stratum connectivity conditions on E. The left hand side can be thought of either as a labeled configuration space or a form of nonabelian homology with coefficients in a higher loop space.
In the last section of this paper, we detail the structure involved in particular choices of Bstructures. We observe that the intersection homology theories of Goresky & MacPherson fit our axiomatics. As such, our stratified theories generalize intersection homology in the way that the unstratified factorization homology of [Lu2] and [Fr2] generalize ordinary homology. We then study two examples: manifolds with boundary and n-manifolds with a submanifold of fixed dimension d. Both of these have descriptions as special cases of our main theorem, and each of these descriptions mix with a form of the higher Deligne conjecture, as it involves Voronov's Swiss-cheese operad. In particular, we prove the following by combing our main theorem and Deligne's conjecture:
Corollary 0.2. There is an equivalence
between Disk fr d⊂n -algebras in C and C-valued homology theories for framed n-manifolds with a framed k-dimensional submanifold with trivialized normal bundle. The datum of a Disk fr d⊂n -algebra is equivalent to the data of a triple (A, B, α), where A is a Disk fr n -algebra, B is a Disk fr k -algebra, and α :
Specializing to the case of 3-manifolds with a 1-dimensional submanifold, i.e., to links, the preceding provides an algebraic structure that gives rise to a link homology theory. To a triple (A, B, α), where A is a Disk fr 3 -algebra, B is an associative algebra, and α : HC * (A) → HC * (B) is a Disk fr 2 -algebra map, one can then construct a link homology theory, via factorization homology with coefficients in this triple. This promises to provide a new source of such knot homology theories, similar to Khovanov homology. Khovanov homology itself does not fit into this structure, for a very simple reason: a subknot of a knot (U, K) ⊂ (U ′ , K ′ ) does not define a map between their Khovanov homologies, from Kh(U, K) to Kh(U ′ , K ′ ). Link factorization homology theories can be constructed, however, using the same input as Chern-Simons theory, and these appear to be closely related to Khovanov homology -these theories will be the subject of another work, one which requires a more involved use of stratifications to capture nonperturbative phenomena.
Remark 0.3. In this work, we use Joyal's quasi-category model of ∞-category theory [Jo] . Boardman & Vogt first introduced these simplicial sets in [BV] , as weak Kan complexes, and their and Joyal's theory has been developed in great depth by Lurie in [Lu1] and [Lu2] , our primary references; see the first chapter of [Lu1] for an introduction. We use this model, rather than model categories or simplicial categories, because of the great technical advantages for constructions involving categories of functors, which are ubiquitous in this work. More specifically, we work inside of the quasi-category associated to this model category of Joyal's. In particular, each map between quasi-categories is understood to be an iso-and inner-fibration; and (co)limits among quasi-categories are equivalent to homotopy (co)limits with respect to Joyal's model structure.
We will also make use of Kan-enriched categories, such as Snglr of stratified spaces and conically smooth embeddings among them. By a functor S → C to an ∞-category from a Kan-enriched category we will always mean a functor NS → C from the simplicial nerve of S.
The reader uncomfortable with the language of ∞-categories can substitute the words "topological category" for "∞-category" wherever they occur in this paper to obtain the correct sense of the results, but they should then bear in mind the proviso that technical difficulties may then abound in making the statements literally true. The reader only concerned with algebra in chain complexes, rather than spectra, can likewise substitute "pre-triangulated differential graded category" for "stable ∞-category" wherever those words appear, with the same proviso.
Recollections
This entire work is founded on a predecessor, [AFT] , which lays our foundation for structured stratified spaces and the ∞-categories organizing them. In this first subsection, we briefly recall some of the concepts introduced there, skipping many specifics, after which we will operate by the slogan that "structured stratified spaces are as one hopes they are". While the results mentioned in this section will be precise, the definitions will not be; we refer any reader seeking precise definitions to [AFT] . In the second subsection we review some essentials of symmetric monoidal ∞-categories, after Chapter 2 of [Lu2] .
Stratified spaces
A stratified space is a locally compact Hausdorff topological space X that is equipped with a conically smooth atlas
by basics. Let us explain some of these terms. The symbol C(Z) := *
Z×{0}
[0, ∞) × Z denotes the open cone on Z. The letter Z is understood as another stratified space, which is necessarily compact, and a basic is a stratified space of the form
is conically smooth if it either misses the cone-locus and does so conically smoothly, or it respects the cone-locus and, for each (p, s, y), and each v ∈ R i , the limit
exists and is again conically smooth in the arguments (p, s, y) and v. (While this notion seems circular, because the topological dimension of Z is necessarily strictly less than that of X, one can induct on this parameter to have a true definition.) For each stratified space X, the iterative conelocuses of its atlas determine a stratification of X by which we mean a continuous map X → P to a poset, thereby justifying the term. A stratum of X = (X → P ) is a subspace X p ⊂ X which is a fiber of this map to the poset -each stratum is equipped with the structure of a smooth manifold. The depth of a stratum of a stratified space is its codimension, and it is a parameter that often lends to inductive analysis. Smooth manifolds are precisely those stratified spaces that have no strata of positive codimension. Let f : X → Y be a continuous map between stratified spaces. We say f is conically smooth if, locally, it abides by the expression (1.1.1). There a few important classes of conically smooth maps:
• Say f is an embedding if it is an isomorphism onto its image, and that it is an open embedding if it is an embedding and it is an open map.
• Say f is a refinement if it is a homeomorphism of underlying topological spaces, and its restriction to each stratum of X is an embedding.
• Say f is constructible if, the following is true:
Let Y → Q be the stratification of Y . Then for each q ∈ Q, the restriction to the q-stratum f | : X |f −1 Yq → Y q is a fiber bundle of stratified spaces.
• Say f is weakly constructible if it factors as X r ← − X f − → Y with r a refinement and f constructible.
Conically smooth maps compose, as do those that are open embeddings, thereby yielding the pair of categories Snglr ⊂ Strat .
The category Strat admits finite products, and so we regard it as enriched over the Cartesian category Fun(Strat op , Set) of set-valued presheaves on itself through the expression
where the subscript Z indicates those maps that commute with projecting to Z. Restricting along the standard cosimplicial object ∆
, gives a natural enrichment of Strat, and thereafter of Snglr, over simplicial sets. In [AFT] we show that these enrichments factors as a Kan-enrichments. In a standard manner, we obtain ∞-categories [AFT] .) The tangent classifier is the restricted Yoneda functor
where, here, we have taken the model for presheaves on ∞-categories as right fibrations. Specifically, each stratified space X determines an ∞-category E(X) := Bsc /X over Bsc. (A key result in [AFT] is that E(X) is identified as the enter-path category of the stratified space X, though we will not explain this result.) Imitating the notion of a tangential structure in differential topology, we define a category of basics as a right fibration
and declare a B-manifold to be a stratified space X together with a lift of its tangent classifier:
A B-manifold (X, g) will typically be denoted simply as X. More precisely, we define the pullback ∞-categories
and refer to the upper middle as that of B-manifolds. Definitionally, there is a fully faithful inclusion
A main result of [AFT] is that Mfld(B) is generated by B through the formations of collar-gluings and sequential unions:
• A collar-gluing is a weakly constructible map X
We typically denote such a collargluing as X ∼ = X −
R×X0
X + where X − = f −1 [−1, 1) and X 0 = f −1 (0) and
• A sequential union is a sequence of open subspaces X 0 ⊂ X 1 ⊂ · · · ⊂ X of a stratified space for which
It is sometimes useful to single-out the full sub-∞-category of finitary B-manifolds Mfld(B) fin ⊂ Mfld(B) which is generated from B only by collar-gluings. 
Symmetric monoidal ∞-categories
We review some aspects of symmetric monoidal ∞-categories, as well as ∞-operads, that we will make use of later on. The content of this section is essentially extracted from Chapter 2 of [Lu2] .
We use the notation Fin * for the category of based finite sets. We let Fin denote the category of (possibly empty) finite sets, and Fin inj the subcategory of only injective morphisms. There is a functor (Fin inj )
op inert −−→ Fin * given on objects as I → I + (i.e., attaching a disjoint basepoint) and on morphisms as (f : I ֒→ J) → (f + : J + → I + ) where f + is specified by requiring the diagram of finite sets Lu2] ). An ∞-operad is a functor O → Fin * that satisfies the following points:
• For each inert map I + f − → J + , and for each lift O ∈ O |I+ , there is a coCartesian morphism
op is a Cat ∞ -valued sheaf whose value on * + is terminal. 
is an equivalence. Let O be an ∞-operad. We say O is unital if O has an initial object. The active sub-∞-category Notation 1.3. Let O → Fin * be an ∞-operad. We will typically only carry the notation O for such an ∞-operad. We will refer to its restriction to * + as the underlying ∞-category, and again denote it as O -the context should prevent notational conflict. is equivalent to giving a functor Fin inrt * → Cat ∞ by the straightening/unstraightening construction (see Section 2.2 of [Lu1] this is the ∞-categorical analogue of the Grothendieck construction). Further, the sheaf condition guarantees that the fiber over the based finite set I + is an ∞-category equivalent to an I-fold product of the fiber over * + . Definition 1.5 (Definition 2.1.2.7 of [Lu2] ). For O and P ∞-operads, the ∞-category of O-algebras in P is the full sub-∞-category
Alg O (P) ⊂ Fun Fin * (O, P) consisting of those functors over based finite sets that preserve inert-coCartesian morphisms. There is an ∞-category Operad ∞ whose objects are ∞-operads and whose space of morphisms from O to P is the underlying ∞-groupoid of Alg O (P). (See Definition 2.1.4.1 of [Lu2] .) Definition 1.6 (Definition 2.0.0.7 of [Lu2] ; see also Remark 2.1.2.19 of [Lu2] .). A symmetric monoidal ∞-category is a coCartesian fibration C → Fin * whose restriction C | Fin inrt * → Fin inrt * is a Cat ∞ -valued sheaf whose value on * + is terminal. (In particular, a symmetric monoidal ∞-category is an ∞-operad.) Let C be a symmetric monoidal ∞-category. A symmetric monoidal unit ½ C for C is a target of a morphism in C over + → * + . For D another symmetric monoidal ∞-category, the ∞-category of symmetric monoidal functors (from C to D) is the full sub-∞-category
consisting of those functors over based finite sets that preserve coCartesian morphisms. There is an ∞-category Cat 
given by assigning to an object k the category of coCartesian lifts of O k
This functor takes values in terminal ∞-categories, and so the limit too is terminal and it is equipped with a functor to 
That this map is an equivalence follows again because limits commute with finite products.
The second statement is easier to find the literature. By Lemma 3.2.2.6 of [Lu2] , a forgetful map from a category of algebras over an operad is both conservative and limit-creating. Symmetric monoidal ∞-categories are commutative algebra objects in the symmetric monoidal category Cat ∞ , hence Lemma 3.2.2.6 of [Lu2] applies. Remark 1.8. Let F : O → C be a symmetric monoidal functor. Since F preserves coCartesian morphisms, it induces a map between the sheaves on Fin inj associated to O and C. Hence for every f :
For J = * , one can interpret the diagram as specifying an equivalence
Remark 1.9. Let C and D be symmetric monoidal ∞-categories. There is an evident full inclusion
-it is typically not essentially surjective. The latter corresponds to lax monoidal functors.
For each finite set I, there is then a canonical diagram of ∞-categories
Definition 1.10. For K a small ∞-category, the symmetric monoidal structure of C distributes over K-shaped colimits if for each c ∈ C, the composite functor
commutes with colimits of K-shaped diagrams. We say C is ⊗-sifted cocomplete if its underlying ∞-category admits sifted colimits and its symmetric monoidal structure distributes over sifted colimits.
Lemma 1.11 (Section 2.2.4 of [Lu2] ). The forgetful functor admits a left adjoint
referred to as the symmetric monoidal envelope functor.
Observation 1.12. Consider a solid diagram
Provided F preserves limits, then there is a filler as indicated by the top horizontal arrow. We will refer to it also as F . Example 1.13. Applying Observation 1.12 to C → C op gives that the opposite of the underlying ∞-category of a symmetric monoidal ∞-category is canonically endowed with a symmetric monoidal structure.
Example 1.14. Here are some examples of symmetric monoidal ∞-categories that are ⊗-sifted cocomplete.
• (Ch k , ⊕) and (Ch k , ⊗): chain complexes over a ring k with equivalences generated by quasiisomorphisms, equipped with direct sum, or with tensor product.
• (Spectra, ∨) and (Spectra, ∧): spectra with equivalences generated by stable homotopy equivalences, equipped with wedge sum, or with smash product.
• (X, ×): any cocomplete Cartesian closed ∞-category (for instance Spaces or Cat ∞ ) with finite product.
• Let C be any symmetric monoidal ∞-category whose underlying ∞-category admits small colimits and whose symmetric monoidal structure distributes over small colimits. Then, for O any ∞-operad, the ∞-category of algebras Alg O (C) inherits a standard symmetric monoidal structure which is given pointwise, and this symmetric monoidal ∞-category is ⊗-sifted cocomplete. An example of a symmetric monoidal ∞-category that is not ⊗-sifted cocomplete is (Ch op Q , ⊗), for ⊗ does not distribute over totalizations.
We are about to define an ∞-operad C /c for C a unital symmetric monoidal ∞-category and c ∈ C an object in its underlying ∞-category. Recall the construction from §2.4.3 of [Lu2] of an ∞-operad
where the second factor in the fiber product is the category of finite sets equipped with an inclusion from the two-element set { * , * ′ } and maps among such that preserve such inclusions.
Proof. We will use the notation Fin inj ⊂ Fin 
− − → Fin * is evaluation at 1. Restricting the second factor in the above fiber product to Fin * , * ′ gives the functor O → (O | * + ) ∐ . It is direct to verify that this functor sends inert-coCartesian morphisms to inert-coCartesian morphisms. Corollary 1.16. Let O be a unital ∞-operad. Let E | * + → O | * + be a right fibration over the underlying ∞-category. We denote the pullback ∞-category
After Lemma 1.7, the composite functor E → O → Fin * makes E into an ∞-operad, and the functor E → O is a map of ∞-operads.
Notation 1.17. Let D → M be a symmetric monoidal functor between symmetric monoidal ∞-categories, each for which the symmetric monoidal unit is initial. Let X ∈ M be an object of the underlying ∞-category. We use the notation
for the output of Corollary 1.16 applied to the right fibration D /X → D. By construction, this ∞-operad is equipped with an ∞-operad map to D for which the functor on underlying ∞-categories is the standard projection from the slice. Say a morphism of D /X is pre-coCartesian if its image in D is coCartesian over Fin * . We adopt the following notational convention: for C be a symmetric monoidal ∞-category, the ∞-category of D /X -algebras in C is the full sub-∞-category
consisting of those functors that send pre-coCartesian morphisms to coCartesian morphisms.
Factorization
In this section, we define the factorization homology of B-manifolds with coefficients in Disk(B)-algebras, and we verify some of the essential properties of this construction. It is a symmetric monoidal functor from B-manifolds and embeddings.
For this section we fix:
• a symmetric monoidal ∞-category C that is ⊗-sifted cocomplete,
• an ∞-category of basics B = (B → Bsc).
Disk algebras
Factorization homology will have a universal property with respect to monoidal and operadic structures on Mfld(B) and Mfld(B) /X , which we present below in Constructions 2.1 and 2.3.
Construction 2.1 (The symmetric monoidal structures on Mfld(B) and Disk(B)). Using disjoint union, we endow Snglr, Snglr, Mfld(B), and Mfld(B) with natural symmetric monoidal structures. The details are as follows: Disjoint union makes each of the Kan-enriched categories Snglr and Snglr into a symmetric monoidal Kan-enriched category in the usual sense. We then realize each as a symmetric monoidal ∞-category (by taking the simplicial nerve, for instance -see Proposition 2.1.1.27 of [Lu2] ).
To further endow Mfld(B) and Mfld(B) with symmetric monoidal structures, recall that they are defined via limit diagrams as below
where the functor τ is the tangent classifier, i.e., the restriction of the Yoneda embedding to basics. In light of Lemma 1.7, to endow Mfld(B) with a symmetric monoidal structure it suffices to lift the diagram among ∞-categories Snglr → PShv(Bsc) ← PShv(Bsc) /B to a diagram among symmetric monoidal ∞-categories; this is easily accomplished. Both PShv(Bsc) and PShv(Bsc) /B are cocomplete and hence carry a coCartesian monoidal structure (i.e., the monoidal structure given by coproducts); since the forgetful functor PShv(Bsc) /B → PShv(Bsc) preserves colimits, it in particular preserves coproducts, and is thus symmetric monoidal with respect to this coCartesian monoidal structure. Now, because each basic U is connected, there is a canonical isomorphism of Kan complexes
So Snglr τ − → PShv(Bsc) canonically extends as a symmetric monoidal functor. Finally, since Snglr → Snglr preserves disjoint union, through the same logic Mfld(B) obtains a symmetric monoidal structure.
Definition 2.2. We denote by

Disk(B) ⊂ Mfld(B)
and
the smallest full symmetric monoidal subcategories containing B ⊂ Mfld(B) and B ×
Mfld(B)
Mfld(B) ⊂ Mfld(B), respectively.
The slice categories Disk(B) /X and Mfld(B) /X do not carry symmetric monoidal structuresfor instance, there is no natural way to take a disjoint union of two embeddings if the embeddings overlap. Regardless, we endow these categories with the structure of an ∞-operad. As usual (see Section 2.1 of [Lu2] ), one can think of these ∞-operads as colored operads, one color for every embedding of a finite disjoint union of basics U ֒→ X. Construction 2.3 (Disk(B) /X as an ∞-operad). The empty stratified space ∅ is a symmetric monoidal unit for Snglr and Snglr, and it is also initial in each of the associated underlying ∞-categories. It follows that the same is true for the symmetric monoidal structures on Mfld(B) and Mfld(B). Let X be a B-manifold. 
Notice that this last composition makes use of ∅ being both initial and the symmetric monoidal unit.
Remark 2.5. We caution the reader about a notational conflict: There are equivalences
Here, the lefthand side of each equivalence is the underlying ∞-category of the ∞-operad defined in Construction 2.3, while the righthand side is the ∞-category of disks/B-manifolds equipped with a map to X. Furthermore, the maps of ∞-operads
restrict to the standard functors on underlying ∞-categories.
Observation 2.6. Let X = (X, g) be a B-manifold. Then the ∞-operad Disk(B) /X is independent of the B-structure on the underlying stratified space of X. More precisely, because B → Bsc is a right fibration, then the map
is an equivalence of ∞-operads. For the same reason, for (U ֒→ X) a point of Disk(B) /X , there is a canonical identification of ∞-categories
The analogous assertions hold if replacing Disk(B) by Mfld(B).
Notation 2.7. Defined in [AFT] is the category of basics D n , governing smooth n-manifolds, and the various elaborations governing smooth n-manifolds with boundary, possibly equipped with a framing. We use the shorthand notation
, and likewise for other elaborations on D. For example, the underlying ∞-category of Disk(D n ) is the ∞-category whose objects are diffeomorphic to a finite disjoint union of standard R n , and whose morphisms are given by smooth open embeddings between them. The underlying ∞-category of Disk fr n has objects finite, disjoint unions of R n together with a framing, and morphisms are roughly given by smooth embeddings together with a choice of homotopy between framings. In all these cases, the symmetric monoidal structure is disjoint union.
Notation 2.8. Prompted by the upcoming Proposition 2.11, and by Notation 1.17, we will make the following notational conventions
and refer to their objects as Disk(B)-algebras and Disk(B)-algebras, respectively.
Remark 2.9. We caution the reader concerning our non-standard notation, which is summarized as follows.
• As Notation 1.3, we do not distinguish between the notation for a symmetric monoidal ∞-category and its underlying ∞-category.
• As Notation 1.17, we do not distinguish between the notation for certain slice ∞-categories and their corresponding ∞-operads. • As Notation 2.8, we use Alg Disk(B) (C) for symmetric monoidal functors, not just maps of operads. Likewise for the other variants such as that concerning Mfld(B).
• As Notation 1.17 we use Alg X (C) for those maps of ∞-operads Disk(B) /X → C that send pre-coCartesian edges to coCartesian edges. Likewise for the other variants such as that concerning Mfld(B).
Example 2.10. A Disk fr 1 -algebra in C is canonically identified as an A ∞ -algebra in C. In what follows, we let E n denote the ∞-operad of little n-disks.
Proposition 2.11. Let C be a symmetric monoidal ∞-category. Let n be a finite cardinality. There is a canonical equivalence of ∞-categories
With respect to the given O(n)-action on the righthand side of the above equivalence, there is an equivalence of ∞-categories
Proof. The evident E n -algebra in Disk fr n induces a symmetric monoidal functor Env(E n ) → Disk fr n from the symmetric monoidal envelope. The mapping homotopy types of both sides of this functor are in terms of the spaces Conf I (R n ) := {I ֒→ R n }, spaces of injective maps into R n from finite sets. Inspecting this symmetric monoidal functor reveals that it is an equivalence. This gives the first equivalence.
There is the symmetric monoidal right fibration Disk fr n → Disk n , which manifestly factors through the O(n)-invariants. The fiber over R n is canonically identified as Emb(R n , R n ) ≃ O(n), with the translation action of O(n). The second equivalence follows. manifold is an n-manifold possibly with boundary, equipped with a framing of the n-manifold and a splitting of the framing on the boundary as a product framing. Disk ∂,fr n -algebras are equivalent to algebras over the Swisscheese operad of [Vo] ; an object can be regarded as a triple (A, B, α) of a Disk fr n -algebra A, a Disk fr n−1 -algebra B, and a map
which is a map of Disk fr n -algebras; this reformulation is the higher Deligne conjecture, proved in this generality in [Lu2] and [Th] .
Factorization homology
The following is the main definition and object of interest in the present paper, that of factorization homology with coefficients in a disk algebra.
Recall Notation 1.17 for the ∞-category of Disk n -algebras.
Definition 2.13 (Factorization homology). Let C be a symmetric monoidal ∞-category, and let B be an ∞-category of basics. The (absolute) factorization homology functor is a left adjoint to the restriction
For X a B-manifold, the (relative) factorization homology functor is a left adjoint to the restriction
The left adjoint in the previous definition need not exist. The essential result provided in the following is that for a large class of targets C, factorization homology both exists and has a relatively simple expression, agreeing with the left adjoint at the level of underlying ∞-categories; i.e., without remembering the monoidal structures.
Theorem 2.14. Let C be a symmetric monoidal ∞-category which is ⊗-sifted cocomplete, and let B be an ∞-category of basics. Then each of the absolute and the relative factorization homology functors exists and each is fully faithful, and each evaluates as
A -here, all terms are as the underlying ∞-categories of the respective ∞-operads.
We give a proof of this result predicated on several results to come. In Lemma 2.15, we identify the general formal features for symmetric monoidal and operadic left Kan extension to exist and agree with the underlying left Kan extension. In the following sections, we show that these formal features hold in our example of interest.
Proof of Theorem 2.14. This is an application of Lemmas 2.15 and 2.16.
To apply this result, we need these three facts:
• Let X be a B-manifold. Then the slice ∞-category Disk(B) /X is sifted. This is Corollary 2.24 to come.
is final. In our case, this functor is an equivalence, manifestly.
• Let X and X ′ be B-manifolds. Then the functor Disk(B) /X × Disk(B) /X ′ → Disk(B) /X⊔X ′ is final. In our case, this functor is actually an equivalence, by inspection.
Lemma 2.15. Let C be a symmetric monoidal ∞-category; let ι : B → M be a symmetric monoidal functor with small domain and locally small codomain. Consider the commutative diagram of solid arrows
where ι * is restriction along ι, and the vertical arrows forget that a given functor was symmetric monoidal. Suppose both:
(1) the underlying ∞-category of C admits sifted colimits; (2) for each M ∈ M, the slice ∞-category B /M receives a final functor B(M ) → B /M from a sifted ∞-category.
Then ι * has a left adjoint ι ♮ as indicated, which can be calculated as
The last expression is a coend, and we have identified M ∈ M with its image under the Yoneda functor. In addition, suppose (3) the symmetric monoidal structure for C distributes over sifted colimits; (4) the functor between slice ∞-categories over units
is final; and (5) for each pair of objects M, M ′ ∈ M, the tensor product functor
Then there is a left adjoint ι ⊗ ♮ as indicated, and the downward right square commutes. If ι is fully faithful then so are each of ι ♮ and ι ⊗ ♮ .
Proof. Conditions (1) and (2) grant that each value of the expression (2.2.2) exists. Lemma 4.3.2.13 of [Lu1] states that these expressions depict a functor as indicated. Proposition 4.3.3.7 of [Lu1] states that this functor satisfies the universal property of being a left adjoint to ι * . We now argue that conditions (3) and (4) grant that, for each symmetric monoidal functor B F − → C, and for each based map among finite sets
commutes. Each based map f : I + → J + is canonically a composition of a surjective active map f surj followed by an injective active map f inj followed by an inert map f inrt , and so it is enough to verify commutativity for each such class of maps. The case of inert maps is obvious, because then f * is projection and (ι ♮ F )
I is defined as the I-fold product of functors. The case of injective active maps amounts to verifying that ι ♮ F sends a symmetric monoidal unit to a symmetric monoidal unit. This follows from Condition (4) because F does so.
The case of surjective active maps follows from the case that f : I + → * + is given by i → * , so that f * = I is the I-fold tensor product. Well, because F is symmetric monoidal, there is
I between functors M I → C that we will argue is an equivalence. This arrow evaluates on (M i ) i∈I as the horizontal one in the following natural diagram inside C:
The arrow labeled by (3) is an equivalence precisely because of condition (3). Condition (5) implies that the functor i∈I B /Mi → B / i∈I Mi is final, for it is a composition of final functors. It follows that the arrow labeled by (5) is an equivalence, after observing the following diagram among ∞-categories:
Recall Notation 1.17. We now state a likewise result as Lemma 2.15 for the case of the ∞-operads of Notation 1.17. The proof of this lemma is the same as that for Lemma 2.15.
Lemma 2.16. Let C be a symmetric monoidal ∞-category. Let ι : D → M be a symmetric monoidal functor between symmetric monoidal ∞-categories with D small and M locally small. Suppose both the symmetric monoidal unit for each of D and M is initial. Let X ∈ M be an object of the underlying ∞-category, and consider the ∞-operads D /X and M /X over D and M, respectively.
Consider the solid commutative sub-diagram of restriction and forgetful functors
where the superscript * denotes the evident restriction and the vertical arrows restrict to active sub-∞-categories. Suppose both:
(1) the underlying ∞-category of C admits sifted colimits;
* has a left adjoint ι ♮ as indicated, which can be calculated as
A -here in the expression of the coend we identify (Z → X) ∈ M with its image under the Yoneda functor. In addition, suppose (3) the symmetric monoidal structure for C distributes over sifted colimits; (4) the functor between slice ∞-categories over units 
Localizing with respect to isotopy equivalences
Here we explain that the ∞-category Disk(B) /X can be witnessed as a localization of its untopologized version Disk(B) /X on the collection of those inclusions of finite disjoint unions of disks U ⊂ V in X for which this inclusion is isotopic to an isomorphism. This comparison plays a fundamental role in recognizing certain colimit expressions in this theory, for instance that support the pushforward formula of §2.4.
Given a topological space X and a finite set J, we let Conf J (X) denote the topological space of injections from J to X. There is the evidence action of the symmetric group Σ J on this space, and we denote the coinvariants as Conf J (X) ΣJ . Finally, given a basic U ∼ = R n × C(Z), we denote by Aut 0 (U ) the Kan complex of isomorphisms U → U that preserve the origin (0, * ) ∈ U . (See Section 4.3 of [AFT] .) Lemma 2.17. Let B be a category of basics. Then the maximal ∞-groupoid contained Disk(B) is canonically identified as
where the coproduct is indexed by isomorphism classes of finite disjoint unions of objects of B, whose connected components are grouped here according to isomorphism type. Also, B refers to the classifying space. In particular, the symmetric monoidal functor [−] : Disk(B) → Fin is conservative. Let X be a B-manifold. Then the underlying ∞-groupoid of Disk(B) /X is canonically identified as the space
given in terms of unordered configuration spaces of various strata of X.
Proof. The statement concerning Disk(B) follows immediately from the characterization of Bsc in [AFT] . Upon the canonical equivalence of ∞-categories Disk(B) /X ≃ Disk(Bsc) /X , we can assume B = Bsc, so that Mfld(B) ≃ Snglr is an ∞-category associated to a Kan-enriched category. In [AFT] it is shown that the inclusion of Kan-groups Aut 0 (U ) → End Bsc (U ) is an equivalence of underlying Kan complexes. Upon these considerations, to show the first statement it is sufficient to show that, for each finite set J, and each basic U , the Σ J -equivariant map which is evaluation at each center of U
is an equivalence of Σ J -spaces. We do this by induction on the cardinality |J|, with the base case |J| = 1 offered by results in [AFT] . Now suppose |J| > 1, and choose a non-empty proper subset J ′ ⊂ J. Restriction along this inclusion of subsets gives the commutative diagram
which is evidently appropriately equivariant. In a standard manner, the map of fibers of the horizontal maps is canonically identified as the map of Σ J J ′ -spaces
which is an equivalence by induction. The result follows.
Let B be a category of basics; let X be a B-manifold. Consider the sub-∞-category (2.3.1)
consisting of the same objects but only those morphisms (U ֒→ X) ֒→ (V ֒→ X) whose image in Disk(B) /X is an equivalence. Note that in 2.3.1, we think of X as an object of Mfld(B), while when we refer to Disk(B) /X , we think of X as an object of Mfld(B).
Proposition 2.18. The standard functor Disk(B) /X −→ Disk(B) /X witness an equivalence of ∞-categories from the localization:
Note first that this functor is essentially surjective, manifestly. We will argue that this functor is an equivalence by showing it is an equivalence on underlying ∞-groupoids, then that it is an equivalence on spaces of morphisms. We recall that, as in Observation 2.6, since Mfld(B) → Snglr is a right fibration there are canonical equivalences of ∞-categories
and we adopt the indicated notation for this proof. Therefore, we can assume B = Bsc. X ⊂ I X consisting of those (V ֒→ X) for which V ∼ = U . We thus seek to show that the resulting functor I
) ΣJ i witnesses an equivalence from the classifying space. We will do this by first showing that the functor
induces an equivalence on classifying spaces, then observing a canonical equivalence of spaces BI
Consider the slice category (I
X for which, for each i ∈ I, there is an inclusion
which is a bijection on components, and a morphism is an inclusion of such. Because such (U
) form a base for the topology about R i ֒→ X [Ui] , then this category is filtered. In particular, the classifying space B(I
induces an equivalence on classifying spaces, as desired. Now, let M be a smooth manifold, so that I = * is a singleton. The category I
[U]
M forms a basis for the standard Grothendieck topology on Conf Ji (M ) ΣJ i . It follows from Corollary 1.6 of [DI] that the canonical map of topological spaces
is a homotopy equivalence. Because each term R j in this colimit is contractible, then this colimit is identified as the classifying space
Applying this to the case M = X [Ui] , we conclude that BI
we have verified that the map of underlying ∞-groupoids
We now show that the functor induces an equivalence on spaces of morphisms. Consider the diagram of spaces
where a superscript
(1) indicates a space of morphisms, and the upper vertical arrows are given as (V ֒→ U ) → (V ֒→ X) ֒→ (U ֒→ X) . Our goal is to show that the middle horizontal arrow is an equivalence. We will accomplish this by showing that the diagram is a map of fiber sequences, for we have already shown that the top and bottom horizontal maps are equivalences.
The right vertical sequence is a fiber sequence is because such evaluation maps are coCartesian fibrations, in general. Then, by inspection, the fiber over (U ֒→ X) is the underlying ∞-groupoid of the slice (D X ) /(U֒→X) . This slice is canonically identified as D U .
Let us show that the left vertical sequence is a fiber sequence. The space of morphisms of
(1) is the classifying space of the subcategory of the functor category Fun
, D X consisting of the same objects but only those natural transformations by I. We claim the fiber over (U ֒→ X) of the evaluation map is canonically identified as in the sequence
This claim is justified through Quillen's Theorem B, for the named fiber is the classifying space of the slice category (I X ) /(U֒→X) which is canonically isomorphic to I U . To apply Quillen's Theorem B, we must show that each morphism (U ֒→ X) ֒→ (V ֒→ X) in I induces an equivalence of spaces
. This map of spaces is canonically identified as BI U → BI V . Through the previous analysis of this proof, this map is further identified as the map of spaces
V [B] induced from the inclusion U ֒→ V . Because U and V are abstractly isomorphic, then results of [AFT] give that each such inclusion is isotopic through stratified open embeddings to an isomorphism. We conclude that Quillen's Theorem B applies. See also Theorem 5.3 of [Bar].
Lemma 2.19. Let r : X → X be a refinement between stratified spaces. Then there is a functor
which is a localization.
Proof. There is an obvious functor Snglr(Bsc) / X → Snglr(Bsc) /X given by assigning to ( i : Z ֒→ X) the object (i : Z ֒→ X) where Z = i( Z) ⊂ X is the image with the inherited stratification. Observe that this functor sends finite disjoint unions of basics conically smoothly openly embedding into X, to finite disjoint unions conically smoothly openly embedding into X. Also observe that this functor sends stratified isotopy equivalences to stratified isotopy equivalences. After these observations, the desired functor happens through Proposition 2.18. Notice that the map of underlying ∞-groupoids Disk(Bsc) / X ∼ → Disk(Bsc) /X ∼ respects the presentation of these spaces in Lemma 2.17 as a coproduct of a product. Through the same logic as in the proof of Proposition 2.18, it is enough to show that the functor
is a localization for each finite cardinality i and each refinement M r − → M of a smooth manifold. Because M → M is a refinement, then so is the map of stratified spaces Conf i ( M ) → Conf i (M ), by inspection. The result is an instance of Proposition 1.2.14 of [AFT] .
Pushforward
For this subsection, we fix a symmetric monoidal ∞-category C that is ⊗-sifted cocomplete.
Lemma 2.20. Let X be a B-manifold and Y a B ′ -manifold, and let f : X → Y be a constructible map of the underlying stratified spaces. Taking inverse images defines a functor of ∞-operads
which on objects sends U ֒→ Y to f −1 U ֒→ X. As a consequence, there is a natural pushforward functor
that sends an algebra A on X to the algebra on Y taking values
Proof. Note that taking point-wise inverse images defines a functor of discrete categories Disk(Bsc) /Y → Snglr /X which, additionally, preserves the multicategory structure of Construction 2.3. We first show that this functor can be naturally extended to the topological case, i.e., that there is a preferred filler in the diagram of ∞-operads
Because f is constructible, the collections I and J of isotopy equivalences in Disk(Bsc) /Y and Snglr /X , respectively, are mapped to one another by f −1 . Further, they map to equivalences in Disk(Bsc) /Y and Snglr /X , respectively. By the universal property of localization, we can thus factor the previous diagram as
Proposition 2.18 states that the bottom left downward arrow is an equivalence, as indicated, thereby determining the filler. Recall from Observation 2.6 that B-manifold structure on X defines an equivalence Snglr /X ≃ Mfld(B) /X , directly from the definition of structures by right fibrations; the same is true for the B ′ -manifold structures on basics in Y . Under the hypotheses of the Lemma, we consequently have a map of ∞-operads Disk(B ′ ) /Y → Mfld(B) /X defined by f −1 . The desired functor is the composition
We have the following result about this pushed-forward algebra f * A.
Theorem 2.21 (Pushforward). Let C be a symmetric monoidal ∞-category which is ⊗-sifted cocomplete; let X be a B-manifold with f : X → Y a weakly constructible map to a stratified space. There is a commutative diagram:
In particular, for any Disk(B)-algebra A, there is a canonical equivalence in C:
The proof of this theorem will involve an auxiliary ∞-category X f built from the constructible map f . Definition 2.22. Let X be a B-manifold, and let Y be a B ′ -manifold. For f : X → Y a constructible map, the ∞-category X f is the limit of the following diagram
Informally, X f consists of compatible triples (U, V, U ֒→ f −1 V ), where V is a finite disjoint union of basics in Y ; U is a finite disjoint union of basics in X; the embedding U ֒→ f −1 V is compatible with the embeddings f −1 V ֒→ X and U ֒→ X. We are able to utilize this ∞-category X f because of the following key finality property.
Lemma 2.23. For any constructible map X f − → Y between stratified spaces, the functor ev 0 : X f → Disk(B) /X is final.
Proof. The functor ev 0 is a Cartesian fibration of ∞-categories. Thus, to check finality, by Lemma 4.1.3.2 of [Lu1] , it suffices to show that, for each U ∈ Disk(B) /X , the fiber ev 
whose colimit is identified as the relevant classifying space
So we seek to show the righthand colimit is contractible. Formal is that the sequence of maps
is a fiber sequence (here the fiber is taken over any implicit morphism U ֒→ X, thereby giving meaning to the lefthand space). So we seek to show the map from the colimit
is an equivalence of spaces. We recognize this map of spaces as the map of fibers over U ∈ Disk(B) of the map of right fibrations over Disk(B):
Being right fibrations, it is enough to show that this functor is an equivalence on underlying ∞-groupoids. Through Lemma 2.17 this is the problem of showing, for each finite set J and each basic U , that the map of spaces
is an equivalence. So we can assume that the underlying stratified space of X = M is an ordinary smooth manifold.
Lemma 2.18 grants that the forgetful map
is an equivalence of spaces. Now notice that, for each (V ֒→ Y ) ∈ Disk(Bsc) /Y , the map 
form an open cover. Proved in [AFT] is that open embeddings of basics into Y form a basis for the topology of Y . It follows that the collection of (at most) |J|-tuples of disjoint basics in Y form an open cover of Y in such a way that any finite intersection of such is again covered by such. It follows that the collection of open embeddings above is an open cover for which any finite intersection of its terms is again covered by terms of the collection. In particular, this collection of open embeddings forms a hypercover of Conf J (M ) ΣJ . Corollary 1.6 of [DI] gives that the map
is an equivalence of spaces. This completes the proof.
This has the following important corollary, which completes the proof of Theorem 2.14.
Corollary 2.24. For X a B-manifold, the ∞-category Disk(B) /X is sifted.
Proof. The ∞-category Disk(B) /X is evidently nonempty. The finality of the diagonal Disk(B) /X → Disk(B) /X × Disk(B) /X is precisely the assertion of Lemma 2.23 applied to the constructible map X ⊔ X → X.
Using Lemma 2.23, we can now prove our push-forward formula for factorization homology.
Proof of Theorem 2.21. After Lemma 2.19, we can assume that the weakly constructible map f is actually constructible. The functor
is the left Kan extension of A : X f → C along the functor ev 1 : X f → Disk(Bsc) /Y . Therefore there is a natural equivalence
By Lemma 2.23, the functor ev 0 : X f → Disk(B) /X is final, which implies the equivalence colim X f A ≃ M A, and the result follows. In the case of the projection map X × Y → Y off a product, this result has the following consequence.
Corollary 2.25 (Fubini). Let B − and B + and B be ∞-categories of basics with a functor B − × B + → B over the product functor Bsc × Bsc × − → Bsc. Let A be a Disk(B)-algebra in C. Let X be a B − -manifold, and Y be a B + -manifold; so X × Y is canonically equipped as a B-manifold. There is a canonical equivalence in C:
Algebras over a closed interval
Definition 2.26 (Ass RL ). Let Ass RL denote an ∞-operad core presenting triples (A; Q, P ) consisting of an associative algebra together with a unital left and a unital right module. Specifically, it is a unital multicategory whose space of colors is the three-element set {M, R, L}, and with spaces of multi-morphisms given as follows. Let I σ − → {M, R, L} be a map from a finite set.
• Ass RL (σ, M ) is the set of linear orders on I for which no element is related to an element of σ −1 ({R, L}).
• Ass RL (σ, L) is the set of linear orders on I for which each element of σ −1 (L) is a minimum, and no element is related to an element of σ −1 (R).
• Ass RL (σ, R) is the set of linear orders on I for which each element of σ −1 (R) is a maximum, and no element is related to an element of σ −1 (L).
Composition of multi-morphisms is given by concatenating linear orders.
Consider the oriented 1-manifold with boundary [−1, 1], which is the closed interval, that we regard as a structured stratified space in the sense of [AFT] . Taking connected components depicts a map of symmetric monoidal ∞-categories Observation 2.28. Consider the ordinary category O RL for which an object is a linearly ordered finite set (I, ≤) together with a pair of disjoint subsets R ⊂ I ⊃ L for which each element of R is a minimum and each element of L is a maximum, and for which a morphism (I, ≤, R, L)
Concatenating linear orders makes O
RL into a multi-category, and it is equipped with a canonical maps of operads to Env Ass RL . By inspection, the equivalence (2.5.1) of Observation 2.27 lifts to an equivalence of ∞-operads,
After these observations, there is this immediate consequence.
Corollary 2.29. There is a canonical equivalence of ∞-categories:
Proof. So the remaining point to check is that restriction along the map of ∞-operads Disk Proposition 2.30. Let (A; P, Q) be an Ass RL -algebra in C; which is to say an associative algebra A together with a unital left and a unital right A-module. Applying Observation 2.27, regard (A; P, Q) as a Disk ∂,or 1 -algebra in C. There is a canonical equivalence in C:
Proof. There is the standard fully faithful functor ∆ op ⊂ O RL whose essential image consists of those objects (I, ≤, R, L) for which R = ∅ = L. Adjoining minima and maxima gives a left adjoint to this functor, and so it is final. Through Observation 2.28, there is a final functor ∆ op → Disk − −−−− → C is identified as the two-sided bar construction, as indicated. We conclude the equivalence in C:
Corollary 2.31. Let F : Mfld(B) −→ C be a symmetric monoidal functor. Let X ∼ = X −
R×X0
X + be a collar-gluing among B-manifolds. Then there is a canonical arrow in C:
Proof. The collar-gluing is prescribed by a constructible map X 
The universal property of factorization homology as a left adjoint gives the canonical arrow:
Homology theories
One an formulate an ∞-categorical analogue of the Eilenberg-Steenrod axioms for a functor from spaces or manifolds to the ∞-category of chain complexes or spectra: the functor should take certain gluing diagrams to pushout squares, and it should preserve sequential colimits. From these conditions, one recovers usual generalized homology theories. These axioms admit a generalization when one replaces chain complexes or spectra with a symmetric monoidal ∞-category C. The formulation is complicated slightly by the fact that the monoidal structure on C is not required to be coCartesian. Nevertheless, we make the following definitions, which generalize those of [Fr2] . A main result of [AFT] gives a precise articulation of the heuristic statement that the ∞-category Mfld(B) is generated by B through the formation of collar-gluings and sequential unions. After Example 1.1, this result of [AFT] has an immediate symmetric monoidal reformulation.
Corollary 2.32 (After [AFT] ). Let Disk(B) ⊂ S ⊂ Mfld(B) be a full sub-symmetric monoidal ∞-category that is closed under the following two formations:
• Let X ∼ = X − ∪
R×X0
X + be a collar-gluing among B-manifolds. If X + , X − , and R × X 0 are all objects of S, then X is an object of S.
• Consider a sequence of open subspaces Z ≥0 -indexed sequence X 0 ⊂ X 1 ⊂ · · · ⊂ X whose union i≥0 X i = X, with each inclusion X i ⊂ X i+1 witnessed as the interior of a compact sub-stratified space with corners. If all the X i are objects of S, then X is an object of S.
Then the inclusion S ⊂ Mfld(B) is an equality.
Definition 2.33. The ∞-category of homology theories (over X) is the full sub-∞-category
consisting of those H that satisfy the following two properties:
W + denote a collar-gluing among B-manifolds over X.
Then the canonical morphism (2.5.3) (2.6.1)
is an equivalence in C. 
is an equivalence in C.
Absolutely, the ∞-category of homology theories (for B-manifolds) is the full sub-∞-category
consisting of those H for which, for each B-manifold X, the restriction H | Mfld(B) /X is a homology theory for X.
In the coming sections we will see a variety of examples of homology theories, for various categories of basics B. Remark 2.35. Inside of Corollary 2.34 is a number of interesting geometric statements; we will indicate one such now. Let M be an ordinary smooth n-manifold. Let I be a finite set. There is the restricted right fibration Disk(B) /M |BΣI → BΣ I , which is just the data of a map of spaces. The fiber of this map over I is equivalent to the space Conf I (M ) of injections I ֒→ M . The fact that Disk n/− satisfies ⊗-excision yields the following relationship among such configuration spaces.
M + be a collar-gluing. Then there is a weak homotopy equivalence of spaces
where the lefthand side is a two-sided bar construction; specifically, it is the geometric realization of a simplicial space whose space of p-simplices is weakly equivalent to
and whose face maps are given by ordered embeddings by the R-coordinate. For I = * a singleton, this simply recovers the underlying homotopy type of M as the pushout M −
M0
M + .
The following result justifies some of our terminology.
Corollary 2.36 (Factorization homology satisfies ⊗-excision and is continuous). Let C be a symmetric monoidal ∞-category that is ⊗-sifted cocomplete. Then the each of the absolute and, for X a B-manifold, the relative factorization homology functors factor Let S ⊂ X be a finite subset. Then there is an i for which S ⊂ X i . It follows that, for each finite set J, the collection of open subsets
is a hypercover. It follows from Corollary 1.6 of [DI] that, for each finite set J, the map from the colimit
is an equivalence of spaces. It follows from Lemma 2.17 that the functor Disk(B) /Xi → Disk(B) /X is an equivalence of ∞-categories. In particular, for each Disk(B)-algebra A, the canonical arrow from colimits in C (which exist, because C admits filtered colimits) Proof. This is immediate from Corollary 2.32, after Corollary 2.36.
Remark 2.38 (Factorization homology is not a homotopy invariant). We follow up on Remark 2.35. It is known that Conf I (M ) is not a homotopy invariant of the argument M ([LS]
). We conclude formally that the functor Mfld(B) → PShv Disk(B) does not factor through the essential image of the underlying space functor Mfld(B) → Spaces. In other words, factorization homology is not a homotopy invariant of manifolds, in general.
Theorem 2.39 (Characterization of factorization homology). Let X be a B-manifold. The factorization homology functors each implement an equivalence of ∞-categories
Proof. The proofs of the two equivalences are identical, so we only give that of the first. Immediately from Corollary 2.32 we have that the forgetful functor H Mfld(B), C → Alg Disk(B) (C) is conservative. Now, let H : Mfld(B) → C be a symmetric monoidal functor. There is a canonical arrow
) → H between symmetric monoidal functors. Corollary 2.36 gives that the domain of this arrow is a homology theory. So H is a homology theory if this arrow is an equivalence. Conversely, because − is fully faithful (Proposition 2.14) the above paragraph gives that this canonical arrow is an equivalence whenever H is a homology theory.
Homotopy invariant homology theories
In this section we give two classes of examples of homology theories. The first class is quite formal, and depends only on the homotopy type of the tangent classifier, E(X) τX − − → B, of a B-manifold. The second class is not homotopy invariant in general, yet we identify an understood subclass for when these examples only depend on the proper homotopy type of the tangent classifier -this is the statement of non-abelian Poincaré duality for structured stratified spaces. Fix an ∞-category of basics B.
Classical homology theories
Recall from §1 the tangent classifier functor Mfld(B) τ − → PShv(B), which is symmetric monoidal with respect to coproduct of presheaves (see Construction 2.1).
Proposition 3.1 ([AFT]). The symmetric monoidal functor Mfld(B)
τ − → PShv(B) is a homology theory, and it factors through PShv Ind-fin (B).
Corollary 3.2. Let C be an ∞-category that admits pushouts and filtered colimits, which we regard as a symmetric monoidal ∞-category whose symmetric monoidal structure is given by coproduct. Let F : PShv Ind-fin (B) → C be a symmetric monoidal functor that preserves pushouts and filtered colimits (so F is the left Kan extension of its restriction F |B ). Then the composition
is a homology theory.
Example 3.3.
• The underlying space functor Mfld(B) → Spaces is a homology theory -here, we are equipping the target with the symmetric monoidal structure given by coproduct. The restriction of this functor to Mfld(B) fin factors through Spaces fin .
• The underlying space of the 'frame bundle' functor Mfld(B) → Spaces /|B| is a homology theory -here, we are equipping the target with the symmetric monoidal product given by coproduct. The restriction of this functor to Mfld(B) fin factors through Spaces /|B| fin .
• Let C be a symmetric monoidal ∞-category that is ⊗-small cocomplete. Write C dual ⊂ C for the full sub-∞-category consisting of those objects which are dualizable -it is stable under pushouts, and we regard it as a symmetric monoidal ∞-category whose symmetric monoidal structure is given by coproduct. Consider a functor E : B → C dual , and use the same notation E : PShv(B) → C ∐ for the left Kan extension -it is symmetric monoidal (with respect to coproduct on the target). Then the composition Eτ : Mfld(B) → C is a homology theory, and its restriction to Mfld(B)
fin factors through C dual .
• Let E be a spectrum. The assignment X → E ∧ X + depicts a homology theory Mfld(B) → Spectra, where the latter is equipped with wedge sum as its symmetric monoidal structure. If E is dualizable with respect to smash product, then the restriction of this homology theory to Mfld(B) fin factors through Spectra dual . In particular, the suspension spectrum Σ ∞ + X of the underlying space of a finitary stratified space X is dualizable.
• Let V be a chain complex over a commutative ring k. The assignment X → C * (X; V ) depicts a homology theory Mfld(B) → Ch k , where the latter is equipped with direct sum as its symmetric monoidal structure. If V is dualizable with respect to tensor products over k, then the restriction of this homology theory to Mfld(B) fin factors through Ch dual k .
One-point compactifications
There is a Kan-enriched functor witnessing an open cover of W -the simplicial structure maps are evident, and the distinguished point is the case where W is the disjoint union. That this simplicial set is a Kan complex as claimed follows from a similar argument for why the simplicial set Snglr(X, Y ) is a Kan complex which is explained in [AFT] ; details for ZEmb can be found in [AF] . The action Snglr(X,
, which is quickly noticed to be compatible with the simplicial structure maps. It is manifest that this action is compatible with the composition among conically smooth open embeddings. Equipping all stratified spaces present in the definition of the functor ZEmb with a B-structure, and each map as one of B-manifolds, enhances ZEmb to a functor
Mfld(B)
op × Mfld(B) op → Spaces * to based spaces. The restricted adjoint to this functor is the one-point compactified tangent classifier (3.2.1)
where the target is endowed with the symmetric monoidal structure given by coproduct, written here as right fibrations (details and context can be found in [AF] ).
Here is a relative version of the functor τ + . Let X be a B-manifold. Let us define the following functor:
Let O ⊂ X be an open subspace of the underlying stratified space. Consider the sub-Kan-enriched functor ZEmb(− + , O X + ) ⊂ ZEmb(− + , X + ) : Bsc op → Kan whose value on U is the sub-simplicial
is an open cover -easy to check is that this simplicial set is indeed a Kan complex. Again, equipping each such W with a B-structure and each map as one of B-manifolds, there is the presheaf B op → Spaces * . We will use the notation E(O X + ) → B for the associated right fibration, which is equipped with a
− −− → B depicts the desired functor. Notice that this functor τ X + canonically extends as a map of ∞-operads, where the target is equipped with coproduct as its symmetric monoidal structure.
Lemma 3.4. Let X ∼ = X − R×X0 X + be a collar-gluing among finitary B-manifolds. Then, in the canonical diagram of pointed presheaves on B
the upper left square is pushout, and the linear sequences of maps are cofibration sequences.
Proof. The appearance of B is superficial, and so the statement is equivalent to the one with B = Bsc.
Because the collar-gluing, written as a constructible map X 2 ) to be an orientation preserving isomorphism onto (−1, 1), we can assume that the closure of the image of R × X 0 ֒→ X intersects ∂X as R × ∂X 0 .
Let O ⊂ X be a sub-stratified space with boundary, and choose a collar-neighborhood [0, 1) × ∂O ⊂ O. We claim that the canonical morphism of pointed presheaves on Bsc *
is an equivalence. This is the case if and only if for each singularity type [U ], the likewise map of pointed spaces *
is an equivalence. Write U ∼ = R i × C(Z), and use the notation U := [0, 1) × R i−1 × C(Z) for the basic with boundary and ∂U := R i−1 × C(Z) for its boundary. Developments of [AFT] give that the lefthand space in this last expression is canonically identified as the pushout * ((0,1)×∂O) [U ] O [U] in terms the underlying spaces of the [U ]-and [∂U ]-strata. Along the same lines, the righthand pointed space in that expression is canonically identified as the pushout *
in terms of the underlying spaces of the ([U ] ≤ [U ])-and [∂U ]-strata. That the the map of pointed spaces in that expression is an equivalence follows by inspection: [∂U ] , and the inclusion
induces a weak homotopy equivalence of underlying topological spaces.
Developments in [AFT] give that each of the two squares of presheaves on Bsc
is pushout. The latter maps to the former upon consistent choices of collars of the respective boundaries. By taking the levelwise mapping cones of this map of squares, the result follows then from the first paragraph, after observing a standard strata-preserving homeomorphism (X − )
, and likewise for (X + ) + .
Compactly supported cohomology
Let E be a spectrum object of PShv * (B), a model for which is as a functor B op → Spectra. A theorem of [Lu2] gives a canonical factorization of the Yoneda functor
the first of which is symmetric monoidal with respect to coproduct on the source and on the target, and the second of which is symmetric monoidal with respect to coproduct on the source and product on the target. We will denote the composite symmetric monoidal functor
where here the target is equipped with the symmetric monoidal structure given by wedge sum. We will use the notation
for the restriction. We give notation for the relative version:
Proposition 3.5 (Compactly supported cohomology). Let E be a spectrum object of PShv * (B). Then the symmetric monoidal functor E c : Mfld(B) → Spectra satisfies ⊗-excision. In particular, the canonical map
is an equivalence of symmetric monoidal functors Mfld(B) fin → Spectra.
Proof. Let X ∼ = X −
R×X0
X + be a collar-gluing among B-manifolds. After Lemma 3.4, there is the pullback diagram among spectra
Thereafter, using the canonical identification ΩE X + (R × X 0 ) ≃ E c (R × X 0 ) and Lemma 3.4 again, there is the pushout diagram of spectra
Because we are equipping spectra with wedge sum, which is its categorical coproduct, the forgetful functor Alg Ass RL (Spectra)
, Spectra is an equivalence; and, for (P ← A → Q) an object of this functor category, regarded as an Ass RL -algebra in Spectra, then the canonical map from the pushout P
Q is an equivalence of spectra. And so, we have verified that E c satisfies ⊗-excision.
Specializing Proposition 3.5 to the case that E = S : B op → Spectra is the constant functor at the sphere spectrum, we have the following classical consequence. For this case, we will use the special notation
This notation is invoked because, for each B-manifold X, the spectrum D(X + ) is the SpanierWhitehead dual of the one-point compactification of the underlying space of X; and the value of ω on a basic U is D(U + ), the stalk of the dualizing sheaf for the site Mfld(B) at U . Immediate from the present definitions is the following result.
Proposition 3.6. Let B = BO(n), so that a B-manifold is an ordinary smooth n-manifold. Let X be smooth n-manifold that is the interior of a compact manifold with boundary. Then there is a canonical identification
from the Thom spectrum of the virtual negative of the tangent bundle of X.
Corollary 3.7 (Atiyah duality). Let X be a finitary B-manifold. Then there is a canonical identification
More generally, for each functor E : B op → Spectra, there is a canonical identification
Example 3.8 (Classical Poincaré duality). Let us consider the case B = D or n so that a B-manifold is an oriented smooth n-manifold; and an oriented n-manifold X that is the interior of a compact manifold with boundary; and E = HZ : (D or n )
op → Spectra is the constant functor at the EilenbergMacLane spectrum for Z. Identify HZ c (X) ≃ HZ X + as the mapping spectrum from the one-point compactification. For each object U ∈ D or n there is a canonical identification HZ∧ω(U ) ≃ HZ∧S −n ≃ Ω n HZ. And so, there is a canonical equivalence of spectra X HZ ∧ ω ≃ Ω n HZ ∧ X + . Putting these identification into Corollary 3.7 arrives at a canonical equivalence of spectra: Ω n HZ∧X + ≃ HZ X + . Upon taking homotopy groups, indexed appropriately, we arrive at classical Poincaré duality: where the target is equipped with the symmetric monoidal structure given by product. We denote the resulting Disk(B)-algebra
∈ Alg Disk(B) (Spaces * ) . − − → Spaces * . It corresponds to a right fibration Z → Z ≥0 , equipped with a section. In [AFT] is constructed the functor Depth : Bsc → Z ≥0 . There results the coefficient system Depth * Z → Bsc.
Example 3.11. Let B = D fr n ≃ * . Then a coefficient system is equivalent to the datum of a based space space Z. Such a coefficient system is connective exactly if Z is n-connective.
together with a pair of (compatible) sections of each. Consider the more elaborate example D n codifying smooth n-manifolds with corners. A coefficient system on D n is the data of a fibration E S → BO(R S ) for each subset S ⊂ {1, . . . , n}, and for
, which respect composition; together with a compatible section of each of these fibrations.
We now concern ourselves with the question of when Γ E c is a homology theory. We will only consider this question in the case that there is an integer n ≥ 0 such that each basic U ∈ B has pure dimension n -that is to say, the local topological dimension at each point in the underlying stratified space equals n. To address the problem, it is convenient to extend Γ E c to stratified spaces X equipped with a B-structure on R n−k ×X for some k. Here are the relevant temporary definitions.
Definition 3.13 (Mfld(B k )). Let k be an integer. Denote the ∞-categories which are the pullbacks Explicitly, this functor evaluates as
which we think of as "sections of E |R n−k ×X that are compactly supported in the X-direction".
Definition 3.14. Let B be a category of basics each of pure dimension n. Say the coefficient system E is connective if the based space Γ E c (V ) is connected for every V ∈ B k with k < n.
Example 3.15. Consider the case B = D fr n ≃ * . Here, a connective coefficient system is the datum of an n-connective based space Z, and the associated Disk fr n -algebra is Ω n Z. This Disk fr n -algebra is group-like. Through May's recognition principle there is an equivalence of ∞-categories between connective coefficient systems for framed n-manifolds, and that of group-like E n -spaces. Accordingly, one can think of the data of a connective coefficient system as a generalization of the notion of a group-like algebra, for the structured stratified setting.
Example 3.16. Let us return to Example 3.12 for the case of D ∂ n . For simplicity, let us assume the two fibrations are trivialized with (based) fibers Z n and Z n−1 respectively. This coefficient system is connective exactly if Z n is n-connective and the map Z n−1 → Z n is n-connective; the last condition being equivalent to saying the homotopy fiber F of the map Z n−1 → Z n is (n−1)-connective. Recall from Example 2.12 a consolidation of the data of a Disk ∂ n -algebra. The associated Disk ∂ n -algebra A E is the data (Ω n Z n , Ω n−1 F, α) where a is the action of Ω n Z n on Ω n−1 F from the Ω-Puppe sequence of the fibration F → Z n−1 → Z n .
Let us examine the case of D n . For simplicity, let us assume each of the said fibrations is trivial with respective fibers Z S . Denote by F T = hofib(Z T → holim S T Z S ) the total homotopy fiber of the T -subcube. This coefficient system is connective exactly if each F T is (n − |T |)-connective. The associated Disk n -algebra A E is the data (Ω n S F S S⊂{1,...,n} ; a S⊂T ) where a S⊂T is the action of Ω n S F S on Ω n T F T from an elaboration of the Ω-Puppe sequence.
Theorem 3.17. (Non-abelian Poincaré duality) Let B be an ∞-category of basics each of pure dimension n. Let E be a connective coefficient system for B-manifolds. Then the canonical arrow Remark 3.18. We elaborate on Example 3.15. The space of stratified continuous maps is a homotopy invariant of the underlying stratified space X. In this sense, Theorem 3.17 tells us that connective coefficient systems (think, 'Disk(B)-spaces that are group-like') cannot detect more than the stratified proper homotopy type of B-manifolds.
Examples of factorization homology theories
In this section we give examples of factorization homology over stratified spaces. To illustrate the relevance to low-dimensional topology, we show that the free Disk fr 3,1 -algebra can distinguish the homotopy type of link complements, and in particular defines a non-trivial link invariant.
Factorization homology of stratified 1-manifolds
When the target symmetric monoidal ∞-category C ⊗ is Mod ⊗ k , the category of k-modules for some commutative algebra k, then factorization homology of closed 1-manifolds gives variants of Hochschild homology.
The simplest and most fundamental example is factorization homology for framed 1-manifolds, Mfld fr 1 . In this case, there is an equivalence between framed 1-disk algebras and associative algebras in C, Alg Disk fr 1 (C) ≃ Alg(C), and we have the following immediate consequence of the excision property of factorization homology (Theorem 2.36).
Proposition 4.1. For an associative algebra A in Mod d , there is an equivalence
between the factorization homology of the circle with coefficients in A and the Hochschild homology of A relative k.
Proof. We have the equivalences
using excision and a decomposition of the circle by two slightly overlapping hemispheres.
Remark 4.2. Lurie in [Lu2] shows further that the obvious circle action by rotations on S 1 A agrees with the usual simplicial circle action on the cyclic bar construction.
It is interesting to probe this example slightly further and see the algebraic structure that results when one introduces marked points and singularities into the 1-manifolds. Recall the ∞-category Mfld Finally, we mention the example of factorization homology for Snglr fr 1 , the category of 1-dimensional, framed, stratified spaces. In this case, the ∞-category of basic opens Bsc fr 1 has as its set of objects {R} {(C(J), σ)} where the latter set is indexed by finite sets J together with an orientation σ of the ordinary 1-manifold J R >0 = C(J) * .
An object A in Alg Disk(Bsc fr 1 ) (C) is then equivalent, by evaluating on directed graphs with a single vertex, to the data of an associative algebra A(R) in C ⊗ and for each pair i, j ≥ 0 an object A(i, j) ∈ C equipped with i intercommuting left A(R)-module structures and j intercommuting right compatible A(R). One can see, for instance, that the factorization homology of a wedge of two circles with a marked point on each circle, (S 1 ∪ {0} S 1 , {1, −1}), can be calculated as
A(1, 1) .
Intersection homology
Recall from [AFT] that the underlying space of a n-dimensional stratified space X ∈ Snglr n has a canonical filtration by the union of its strata X 0 ⊂ X 1 ⊂ . . . ⊂ X n = X where each X i X i−1 is a smooth i-dimensional manifold. As such, the definition of Goresky & MacPherson's intersection homology [GM1] applies verbatim. That is, we restrict to stratified spaces X have no codimension-1 strata, X n−1 = X n−2 and for which the n-dimensional open stratum X n X n−1 is nonempty.
For the definition below we use j th -stratum functor (−) j : Snglr n → Snglr ≤j of section.
Definition 4.4. Denote the left ideal Bsc ps n → Bsc n spanned by those basics U for which U n−1 = U n−2 . Define the category of pseudomanifolds as Snglr ps n = Mfld(Bsc ps n ) -its objects are those n-dimensional stratified spaces for which X n−1 = X n−2 .
Continuing, choose a perversity function p, i.e., a mapping p : {2, 3, . . . , n} → Z ≥0 such that p(2) = 0 and for each i > 2 either p(i) = p(i − 1) or p(i) = p(i − 1) + 1. Recall the following definition.
Definition 4.5 ([GM1])
. A j-simplex g : ∆ j → X is p-allowable if, for every i the following bounds on the dimensions of intersections hold:
The conditions are clearly stable on under the differential d on singular chains, so this gives the following definition of intersection homology with perversity p. 
Further, being p-allowable varies continuously in families of embeddings. That is, there is a natural commutative diagram:
Consequently, intersection homology is defined on the ∞-category Snglr The proof is exactly that intersection homology satisfies excision, or has a version of the MayerVietoris sequence for certain gluings.
Proof. Let X ∼ = X − ∪ R×V X + be a collar-gluing. Then
is a pushout diagram in the ∞-category of chain complexes. I.e., the natural map
4.3. Link homology theories and Disk fr d⊂n -algebras
We now consider one of the simplest, but more interesting, classes of n-dimensional stratified spaces -that of n-manifolds together with a distinguished properly embedded k-dimensional submanifold. While we specialize to this class of stratified spaces, the techniques for their analysis are typical of techniques that can be used for far more general classes.
Recall from [AFT] the ∞-category Mfld fr d⊂n whose objects are framed n-manifolds M with a properly embedded k-dimensional submanifold L ⊂ M together with a splitting of the framing along this submanifold, and the full sub-∞-category Disk Proposition 4.8. There is a pullback diagram:
That is, the space of compatible Disk 
-this is an S n−k−1 parametrized family of central Disk fr d -algebra actions of A on B. In essence, Proposition 4.8 is a parametrized version of the higher Deligne conjecture, and in the proof we will rely on the original version of the higher Deligne conjecture.
Proof. The ∞-category Disk fr d⊂n has a natural filtration by the number of components which are isomorphic to the stratified space (R d ⊂ R n ):
Consider the second step in this filtration, the full subcategory (Disk ≤1 there is either a coCartesian edge over f with source J + or the simplicial set of morphisms over f with source J + is empty. In this way, by a symmetric monoidal functor from (Disk fr,⊔ d⊂n ) ≤1 over Fin * it is meant a map over Fin * which sends coCartesian edges to coCartesian edges.
It is immediate that such a symmetric monoidal functor F is equivalent to the data of a Disk fr nalgebra F (R n ) and a Disk
Extending such a symmetric monoidal functor F to Disk fr d⊂n is thus equivalent to giving a Disk
That is, the following is a triple of pullback squares of ∞-categories
, we can then apply the higher Deligne conjecture to describe an object of the ∞-category 
Hochschild cohomology in spaces
We now specialize our discussion of Disk fr d⊂n -algebras to the case where C = S × is the ∞-category of spaces with Cartesian product, but any ∞-topos would do just as well. In this case, the D fr nHochschild cohomology of an n-fold loop space has a very clear alternate description which is given below.
Proposition 4.9. Let Z = (Z, * ) be a based space which is n-connective. In a standard way, the n-fold based loop space Ω n Z is a Disk fr n -algebra. There is a canonical equivalence of Disk
between the D fr n -Hochschild cohomology space of Ω n Z and the n-fold loops, based at the identity map, of the space of homotopy automorphisms of Z.
Proof. In what follows, all mapping spaces will be regarded as based spaces, based at either the identity map or at the constant map at the base point of the target argument -the context will make it clear which of these choices is the appropriate one.
There are equivalences
sending the object Ω n Z with its natural Disk fr n -Ω n Z-module self-action to the space Z with the natural inclusion of constant maps Z → Z S n−1 . Thus, to describe the mapping space
it suffices to calculate the equivalent mapping space Map /Z S n−1 (Z, Z). By definition, there is the (homotopy) pullback square of spaces
Choose a base point p ∈ S n−1 . The restriction of the evaluation map ev *
) is a map of based spaces. Thus, the pullback diagram above factorizes as the (homotopy) pullback diagrams
where the space of maps from the suspension S n = ΣS n−1 to Map(Z, Z) is realized as the homotopy pullback of the two diagonal maps Map(Z, Z) → Map(Z, Z) S n−1 ; this is a consequence of the fact that the functor Map(−, Z) sends homotopy colimits to homotopy limits, applied to the homotopy colimit colim( * ← S n−1 → * ) ≃ S n . Applying the adjunction between products and mapping spaces, we obtain that the Hochschild cohomology space Map /Z S n−1 (Z, Z) is the homotopy fiber of the map Map S n , Map(Z, Z) → Map(Z, Z) over the identity map of Z, which recovers exactly the definition of the based mapping space Map * S n , Map(Z, Z) ≃ Map * S n , Aut(Z) , where the last equivalence follows by virtue of S n being connected.
Corollary 4.10. Let Z and W be pointed spaces. Suppose Z is n-connective and W is k-connective. A Disk fr d⊂n -algebra structure on the pair (Ω n Z, Ω k W ) is equivalent to the data of a pointed map of spaces
Proof. Proposition 4.8 informs us that giving the structure of a Disk fr d⊂n -algebra on (Ω n Z, Ω k W ) is equivalent to defining a Disk fr k+1 -algebra map
By way of nonabelian Poincaré duality (Theorem 3.17), the factorization homology S n−k−1 Ω n Z is equivalent as Disk given by evaluating on the objects R n and (R d ⊂ R n ), and this functor admits a left adjoint Free d⊂n . To accommodate more examples, we modify (4.3.1). Consider the maximal sub-Kan complex E ⊂ D d⊂n . E is a coproduct
There results a map of ∞-categories E → D d⊂n → Disk d⊂n → Disk ⊔ d⊂n , restriction along which gives the map of ∞-categories
to the ∞-category of pairs (P, Q) consisting of an O(n)-object in C and an O(d ⊂ n)-object in C. We will denote the left adjoint to this map as Free E . Denote the inclusion as δ : C × C → Map(E, C) as the pairs (P, Q) whose respective actions are trivial. For X a D d⊂n -manifold (not necessarily framed) define X Free (P,Q) d⊂n := X Free δ(P,Q) E . When X is framed (i.e., is a D fr d⊂n -manifold) the lefthand side of this expression has already been furnished with meaning as the factorization homology of X with coefficients in the free Disk fr d⊂n -algebra generated by (P, Q). The following lemma ensures that the two meanings agree. Recall the forgetful map Disk
Lemma 4.11. Let (P, Q) be a pair of objects of C. Then the universal arrow Let us explain the following diagram of ∞-categories
Map(E fr , C) .
RKan y y
Freed⊂n
Each leg of the square is an adjunction. All maps labeled by ρ are the evident restrictions. The maps denoted as RKan are computed as point-wise right Kan extension. (That is, RKan(A) : U → lim U→U ′ A(U ′ ) where this limit is taking place in C ⊗ and is indexed by the appropriate over category. We emphasize that, unlike the case for left extensions, this point-wise right Kan extension agrees with operadic right Kan extension.) As so, the straight square of right adjoints commutes. It follows that the outer square of left adjoints also commutes.
The right downward map is equivalent to that which assigns to a pair of objects (P, Q) with respective actions of O(n) and O(d ⊂ n), the pair (P, Q). The map δ :
is a section to this right downward map ρ. We have established the string of canonical equivalences
This completes the proof.
In order to formulate our main result, we first give the following definition.
Definition 4.12. For M a topological space and P an object of C, the configuration object of points in M labeled by P is
where Conf j (M ) ⊂ M ×j is the configuration space of j ordered and distinct points in M .
For the remainder of the section, assume that the monoidal structure of C ⊗ distributes over small colimits.
Proposition 4.13. Let (P, Q) be a pair of objects of C. Let (L ⊂ M ) be a D d⊂n -manifold, i.e., a smooth n-manifold and a properly embedded d-submanifold. There is a natural equivalence
between the factorization homology of (L ⊂ M ) with coefficients in the Disk d⊂n -algebra freely generated by (P, Q) and the tensor product of the configurations objects of the link complement M L and the link L labeled by P and Q, respectively.
We make some remarks before proceeding with the proof of this result.
Remark 4.14. We see from this result with (d ⊂ n) = (3, 1) that factorization homology can distinguish knots. For instance, the unknot, whose knot group is Z, and the trefoil knot, whose knot group is presented by x, y|x 2 = y 3 , give rise to different factorization homologies.
Remark 4.15. Specializing to the case where the link L is empty, we obtain the equivalence M Free P n ≃ Conf P (M ). Consequently, factorization homology is not a homotopy invariant of M , in as much as the homotopy types of the configuration spaces Conf j (M ) are sensitive to the homeomorphism (or, at least, the simple homotopy) type of M , see [LS] . This is in contrast to the case in which the Disk fr n -algebra A comes from an n-fold loop space on an n-connective space, in which case nonabelian Poincaré duality (Theorem 3.17) implies that factorization homology with such coefficients is a proper homotopy invariant. However, note that the factorization homology M Free P n is independent of the framing on M ; this is a consequence of the fact that the Disk fr n -algebra structure on Free P n can be enhanced to a Disk n -algebra.
Recall the maps of symmetric monoidal ∞-categories Disk and thus, passing to the left adjoints, we can write the free algebra A on a pair (P, Q) as the composite of the two left adjoints, which gives the free Disk fr n -algebra on P and the free Disk fr n−kmodule on the free Disk fr d -algebra on Q; the latter is calculated by tensoring with the factorization homology S n−k−1 ×R k+1 Free P n , which is a special case of the equivalence between Disk fr j -R-modules and left modules for S j−1 R, see Proposition 3.16 of [Fr1] , applied to R = Free P n and j = n − k.
Proof of Proposition 4.13. Recall the construction of the ∞-operad E ∐ inert -it is the free ∞-operad on E. That is, the map
induced by restriction along the inclusion of the underlying ∞-category E → E ∐ inert , is an equivalence of Kan complexes -here we are using exponential notation for simplicial sets of maps. Explicitly, a vertex of E 
